FIXED POINT ADJUNCTIONS FOR EQUIVARIANT MODULE 

SPECTRA 



J. P. C. GREENLEES AND B. SHIPLEY 



Abstract. We consider the Quillen adjunction between fixed points and inflation in the 
context of equivariant module spectra over equivariant ring spectra, and give numerous 
examples including some based on geometric fixed points and some on the Eilenberg-Moore 
spectral sequence. 
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l.A. Context. Whenever group actions are under consideration there is a valuable adjunc- 
tion between passage to fixed points under a normal subgroup and inflation from the quotient 
group. In more detail, we are given a group G and a normal subgroup iV; passage to iV-fixed 
points gives a functor from G-equivariant objects Y to G/iV-equivariant objects Y , and 
inflation allows us to view G/iV-equivariant objects X as G-equivariant objects ini G i N X by 
pullback along the projection 7r : G — > G/N. We then often have an adjunction of the form 

G-Hom(inf % /N X, Y) = G/iV-Hom(X, Y N ) 

where X has an action of G/N and Y has an action of G. We will take G to be a compact 
Lie group and iV to be a closed normal subgroup, but for simplicity we consider the case of 
finite groups for this introductory discussion. 



The first author is grateful for support under EPSRC grant number EP/H040692/1. This material is 
based upon work by the second author supported by the National Science Foundation under Grant No. 
DMS-1104396. 
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More precisely, we suppose given an ambient category C, and categories G-C of G- 
equivariant objects of C. In some cases a G-equivariant object will just be an object of 
C with an action of G through C-maps, but not always. The first examples are of this type. 
First, if C consists of vector spaces we obtain an adjunction in representation theory, and 
this clearly extends to graded vector spaces, and to graded vector spaces with a differential 
(chain complexes). Second, if C consists of topological spaces this adjunction is an elemen- 
tary statement in equivariant topology. The next step is to seek to show this adjunction is 
compatible with some appropriate model structures, in the sense that we obtain a Quillen 
adjunction, and we then obtain a corresponding adjunction with the ambient categories be- 
ing the homotopy categories of G-C and G/N-C; already this gives a situation where the 
homotopy category of G-equivariant objects is not equivalent to the G-equivariant objects 
in the homotopy category; Ho(G — C) 9^ G — Ho(C). 

The next well known case is when C is some category of spectra, where we have the 
well-known Lewis-May adjunction [TS] 

(•) JV : G-spectra ' ~~ G/iV-spectra : inf G / N 

This is a continuous adjunction and a Quillen pair. 

The principal purpose of the present paper is to consider a variation of this adjunction 
in which C consists of module spectra. For definiteness we use the category of equivariant 
orthogonal spectra [20J as our model of G-spectra. 

l.B. The case at hand. The Lewis-May fixed categorical point functor is lax monoidal, so 
that if R is a ring G-spectrum, R N is a ring G/iV-spectrum. The purpose of this paper is to 
establish a close relationship between the category of -R-module G-spectra and the category 
of .R^-module G/iV-spectra. More precisely, we consider a Quillen adjunction 

(■) N : -R-mod-G-spectra ~ -R^-mod-G/iV-spectra : R <S> r n (■) 

(here and elsewhere we follow Quillen in putting the left adjoint arrow on top when describing 
adjunctions). This is particularly interesting in conjunction with the Cellularization Principle 
(Lemma 12.11 see [E]), which produces examples where this adjunction induces a Quillen 
equivalence. In the language of the introduction, C is the category of spectra, G-C consists 
of -R-module-G-spectra and G/N-C consistes of .R^-module-G/iV-spectra. 

It turns out that this is rather a rich context, and we make explicit a number of interesting 
examples, including spectra and modules concentrated over iV (giving the geometric fixed 
point equivalence) in Sections 0] and [BJ Eilenberg-MacLane spectra in Section El sphere 
spectra in Section [7] and cochains on a free G-space (giving the Eilenberg- Moore theorem) 
in Section [9j 

l.C. Relationship to other results. These results were originally presented as part of 
our equivalence between rational torus-equivariant spectra and an algebraic model in [T2]. 
However the present results apply in many other interesting cases, which are not rational 
and where the ambient group is not a torus, so it seemed worth separating them out. Our 
original applications are given in [T5] and [T3], but there are many others. 
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2. The cellularlization principle 



We repeatedly use the Cellularization Principle of [14J. The idea is that a Quillen adjunc- 
tion induces a Quillen equivalence between cellularized stable model categories in the sense 
of [T7] provided it is an equivalence on cells and hence a homotopy category level equivalence 
between the respective localizing subcategories. These mild hypotheses may make it appear 
like a tautology, but this principle has been useful in many different settings. This is analo- 
gous to the statement that a natural transformation of cohomology theories that induces an 
isomorphism on spheres is an equivalence. 

Throughout this paper we consider stable cellularizations of stable model categories. Say 
that a set K. is stable if for any A G /C all of its suspensions (positive and negative) are also in 
K, up to weak equivalence. That is, since the cellularization only depends on the homotopy 
type of elements in /C, if A G /C, then for all z G Z there are objects Bi G K. with Bi ~ EM. 
In this case, for M a stable model category and K a stable set of objects, /C-cell-M is again 
a stable model category; see [TJ 4.6]. 

Lemma 2.1. [13] Let M and N be right proper, stable, cellular model categories with F : 
M — t- N a Quillen adjunction with right adjoint U. Let F and U denote the associated derived 
functors. 

(1) Let /C = {A a } be a stable set of compact objects in M, with FJC = {FA a } the 
corresponding set of objects in N. If each A a — > UFA a is a weak equivalence, then 
F and U induce a Quillen equivalence between the K- cellularization of M and the 
FJC- cellularization of N: 

K-cell-M ~ Q FJC-cell-N 

(2) Let J = {Bp} be a stable set of compact objects in N, with U_J = {UBp} the 
corresponding set of objects in N. // each FU Br — >• Bp is a weak equivalence, Then 
F and U induce a Quillen equivalence between the J - cellularization of N and the 
UJ '-cellularization ofM.: 

UJ-cell-M ~ Q J-cell-N 

Example 2.2. As an example, we may consider a map 8 : R — > R' of ring G-spectra. This 
induces functors 9* restricting scalars and Q*M = R' ®# M extending scalars, and these give 
a Quillen adjunction 

6* : i?-mod-G-spectra " ^* i?'-mod-G-spectra : 9* . 

The unit is M — > R' ®r M = 6*6*M, and for an extended module M = R A X this is 
simply 9 Al : RAX — > R' AX. Now suppose that 9 is an ^-equivalence for some family F 
of subgroups. Since the generating ^-cells for R- modules are the extended cells R A G/H + 
for H G F and similarly for i?'-modules, it follows from the Cellularization Principle that 
we have a Quillen equivalence 

J r -cell--R-mod-G-spectra ~ J r -cell-i?'-mod-G-spectra. 

3. Universal spaces. 

If /C is a family of subgroups (i.e., a set of subgroups closed under conjugation and passage 
to smaller subgroups), there is a universal space EK,, characterized up to equivalence by the 
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fact that (EJC) H is empty if H £ JC and is contractible if H e /C. We write .E/C for the 
unreduced suspension S* * ETC, so that there is a cofibre sequence 

£/C+ — >• S° — ► £/C. 

It is sometimes convenient to use specific models for these universal spaces. For example, 
if V is an orthogonal representation, we may write S(V) for the unit sphere and S v for the 
one-point compactification of V. We then find 

EJC = |J S(**0 = S'(ooy) and £/C = (J S kV = S°° v 

k>0 k>0 

where K = {H \ V H ^ 0}. 

Finally, for normal subgroups A" we define certain spaces E{N) by the cofibre sequence 

E[c N]+ — > E[C N} + — ► E(N). 
We note that in fact E(N) ~ EG/N+ A E[£ N\. 

3. A. A convenient shorthand. Recall that the geometric fixed point functor extends the 
fixed point space functor in the sense that for based G-spaces Y there is a G/A^-equivalence 
^Nj^ooy ~ E 00 ^-^). The isotropy groups of a based G-space are the subgroups so that the 
fixed points are non-trivial, so it is natural to consider a stable, homotopy invariant version: 
the geometric isotropy of a G-spectrum X is defined by 

QZ(X) := {K | <& K X ^ *}. 

Certain G-spaces are useful in picking out isotropy information. The role of T in EF + and 
EJ 7 is complementary: the geometric isotropy of ET+ is J 7 and the geometric isotropy of EJ 7 
is J-" c , the complement of J 7 . It will help clarify arguments if we make the connection with 
geometric isotropy direct (rather than complementary) in all cases: for certain collections 
M of subgroups we will define a space or spectrum X[Af] which captures the part of X with 
geometric isotropy in Af. 

We are used to the idea of killing homotopy groups above some number to form a fibration 

X[n,oo) — >■ X — >■ X(-oo,ra-l]. 

Each of the maps has a suitable universal property embodied in the axioms of a t-structure. 

Similarly, if C is a cofamily of subgroups (i.e., a set of subgroups closed under conjugation 
and passage to larger subgroups) we may kill homotopy groups of geometric Affixed points 
for A^ in the complement of C and hence obtain a cofibration 

X[C C ] — )■ X — )• X[C\. 

Notice that the first map is a (non-equivariant) equivalence in $ x -fixed points for K e C c 
and the second map is a (non-equivariant) equivalence in <3> x -fixed points for K e C. In the 
standard notation 

X[C C ] -IA E{C C )+ and X[C] — X A E(C C ). 

The existence of the smash product and the fact that it commutes with geometric fixed 
points means that the cofibration can be obtained by smashing X with 

E{C C ) + — > S° — > E(C C ). 

This makes proofs of the results below very straightforward. 
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Adams's notation for Postnikov systems is routinely extended to 

X[m, n] = X(—oo, n][m, oo) ~ X[m, oo)(— oo, n}. 

It is well understood that this is not functorial, but that the object is well defined up to 
equivalence. 

Similarly for collections of subgroups. 

Lemma 3.1. If K. is a family of sugroups andC is a cofamily then there is a weak equivalence 

X[C][K]~X[K\[C). 

Furthermore, if K,' is another family and C is another cofamily with C fl /C = C fl JC' then 

X[C][K] ~ X[C][JC]. □ 

This allows us to define analogues of X[m, n] for m < n. 

Definition 3.2. We say that a collection of subgroups AT has no gaps if it is closed under 
conjugation and if L, H e Af then if L C K C H we have K G Af '. If Af has no gaps we 
write 

X[N\ :=X[K\[C] 
where K and C are chosen so that Af = K fl C. 

Remark 3.3. The point of this construction is that 



$ K (X[A/]) 



§ K X UK eN 
* ifK^Af 

where the equivalences are non-equivariant. Thus X [Af] is a version of X in which geometric 
isotropy outside M has been killed. 

Since S° is a unit for the smash product, we find the process is smashing in the sense that 

X[Af] ~XAS°[N]. 

Example 3.4. We now have new names for a number of familiar objects which clarify their 
roles. If /C is a family, C a cofamily and N a normal subgroup, we have 

S°[K] = £/C + , S°[C] = EC C , S°[N] = E(N). 

3.B. Geometric fixed points. We say that X lies over N if every subgroup in QX(X) 
contains N. It is obvious for spaces X that the inclusion X N — > X induces an equivalence 
X N [D N] ~ X[D N] and with a little care there is a generalization to the case when X is a 
spectrum. 

The relationship between categorical fixed points and geometric points is decribed in pT8| 
III. 9]. It follows from the geometric fixed point Whitehead Theorem that X lies over N if 
and only if 

X ~ X[D N], 

that for any X 

X[D N] ~ (inf$ w X)Q N], 

and that if Y lies over N then 

[X,Y] G = i$ N X, $ N Y] G / N . 
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4. Models of spectra over iV 

Some of the results in this section are well-known, and we record them here partly to 
prepare the way for their module counterparts in Section [HJ 

4. A. Models via localization and cellularization. There are a number of models for 
the homotopy category of spectra over N, but we content ourselves with describing three 
and recalling that they are equivalent. 

We suppose given a model category of G-spectra. Next we choose a G-space S°[D N], and 
without change in notation we take a bifibrant replacement of its suspension spectrum. We 
consider the class ^^-equiv of morphisms / : X — > Y so that S°[D N] Af is an equivalence; 
these are called equivalences over N. 

Construction 4.1. [201 IV. 6] We form the left Bousfield localization 

G-spectra/ := L^at e u - y G-spectra. 

The weak equivalences are the equivalences over N and the cofibrations are unchanged. 

The inflation functor and its right adjoint, the Lewis-May fixed point functor are familiar 
in this context, but will be reviewed in Section 15. Al to prepare for the module theoretic 
counterpart. 

Proposition 4.2. [201 VI. 5. 3] The Quillen adjunction 

LM N : G-spectra g ~T G/N -spectra : inf 

induces a Quillen equivalence 

G-spectra/N ~ G /A -spectra. □ 

A second model is obtained by cellularizing with respect to {5' [3 N] A G/H + }h- 

Construction 4.3. We form the cellularization 

G-spectra// N := S°[D N]-G-cell-G-spectra, 

where "i^-G-cell" means cellurization with respect to {K A G/H + } for all subgroups H. 
Its weak equivalences are S°[3 N] -equivalences (i.e., the maps / so that i r (S' [3 N], f) are 
equivalences of G-spectra) and its fibrations are unchanged. 

Proposition 4.4. The Quillen adjunction 

1 : Lqn_ ui G-spectra ^ ; S°[D N]-G-cell-G -spectra : 1 

induces a Quillen equivalence 

G-spectra/N ~ G-spectra// N. □ 

Proof: The identity functors 

1 : S°[D A^]-G-cell-G-spectra — » G-spectra 

and 

1 : G-spectra —> L^Ar^^^G-spectra 
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are left Quillen functors by the universal properties of localization and cellularization. Ac- 
cordingly, the composite identity functor gives a Quillen adjunction. Now the S°[3 N]-G- 
cellular category is generated by S°[3 N] A G/H + with H D N, and in that category they 
are homotopically small. By the cellularization principle, it suffices to observe these objects 
generate on the left. But S°[D N] A G/H + is weakly equivalent to G/H + for any H and if 
H does not contain N then S°[D N] A G/H + is acyclic. □ 

4.B. Models via modules. There is a tempting approach to the category of spectra over 
N by viewing them as modules over a ring. However, there is some need for caution. 

First note that S°[D N] is a ring spectrum up to homotopy. A G-spectrum is an S° [D N]- 
module up to homotopy if and only if it lies over N in the sense that it is i^-contractible 
if K 2 N. Similarly, any map of G-spectra over N is compatible up to homotopy with 
the homotopy multiplication of S° [D N}. Thus the category of S° [D iV]-modules looks like 
another model for the category of G-spectra over N. This homotopy category of this category 
of modules is not obviously triangulated. 

However we can tighten up the structure. To begin, construct S°[3 N] as a localization of 
the ring spectrum S°. Accordingly, it admits the structure of an associative ring G-spectrum 
[5] and we may consider its category of modules. Restriction of scalars along the map of ring 
spectra I : S° — > S°[D N] has left adjoint the extension of scalars functor 

U{M) = S°[D N] ® s o M = S°[D N] A M. 

Together these give a Quillen adjunction 

U : ^-mod-G-spectra ' ^ S° [D A^]-mod-G-spectra : I* 

of module categories. Cellularizing with respect to S°[^ N] is a right Quillen functor, and 
the category of S°[3 iV]-modules is already 5° [D iV]-cellular, so composing with I* we see 
that we obtain a Quillen equivalence 

S°[D iV]-mod-G-spectra ~ G-spectra/ /N. 

Similarly, restriction of scalars along the map of ring spectra I : S° — > S° [D N] has right 
adjoint the coextension of scalars functor 

h{M) = Eom s o(S°[D N],M) = F(S°[D N],M). 

Together these give a Quillen adjunction 

I* : 5* [3 iV]-mod-G-spectra , ^-mod-G-spectra : l\ 

of module categories. Localizing at equivalences over is a left Quillen functor and the 
category of S°[D A^]-modules is already local, so composing with Z ! we see that we obtain a 
Quillen equivalence 

S°[D iV]-mod-G-spectra ~ G-spectra/A^. 

The disappointment is that although S°[D N] is a commutative ring up to homotopy, no 
model for it is a strictly commutative ring for reasons described by [IH] (or because it is 
incompatible with the existence of multiplicative norm maps. These phenomena are studied 
systematically in [TO]). 
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5. Fixed point adjunctions for module categories 



We need to discuss passage to fixed points for modules, and it is convenient to collect 
together some generalities. Thus we suppose given a ring G-spectrum R, and we note that 
since Lewis-May fixed points are lax monoidal [20], R is a ring G/iV-spectrum. Our main 
focus is on the passage between R- module G-spectra and .R^-module G/iV-spectra, and we 
begin by explaining this in more detail. 

5. A. Inflation and fixed points. First, we write it : G — > G/N for the projection. Next, 
we suppose the G-spectra are indexed on the complete G-universe U, and we use U N as our 
complete G/N- universe, writing i : U N — > U for the inclusion, so that we have an adjoint 
pair in, h i* of change of universe functors. The basic change of group functor is inflation, 

inf = hif^/jY : G / N-spectr&/U N — > G-spectra/W 

defined by 

infY = i,n*Y. 

This is left adjoint to the Lewis-May fixed point functor 

LM N : G-spectra/W — ► G/iV-spectra/W^ 

defined by 

LM N (X) = (i*X) N , 

where (•) denotes termwise fixed points. Inflation and Lewis-May fixed points form a 
Quillen pair by [HI V.3.10]. 

It is usual to write X N for the Lewis-May categorical fixed points, leaving the context to 
imply the restriction to an iV-fixed universe, and we shall generally follow this convention. 

5.B. Inflation and fixed points for modules. Since passage to iV-fixed points is lax 
monoidal, the iV-fixed point spectrum R N of a ring G-spectrum R is a ring G/iV-spectrum 
and the iV-fixed point spectrum of an .R-module is an .R^-module. Accordingly, we have a 
functor 

ty N : i?-mod-G-spectra — y R N ^-mod-G / TV-spectra, 

where M is M N viewed as an .R^-module. The functor ^ is also right adjoint. We will 
explain how to view the left adjoint as a composite of inflation and an extension of scalars. 
The purpose of the notation ^ is to emphasize that we have not only taken iV-fixed points, 
but also changed the ring over which we take modules. We continue to write X N for the 
underlying iV-fixed point functor. 

First, we have explained that passage to Lewis-May iV-fixed points is right adjoint to 
inflation. This lifts to an adjunction 

LM N : infi^-mod-G-spectra/W : i^-mod-G/iV-spectra/W^ : inf . 

To explain, since inf is strong monoidal, inf R is a ring, and inflation takes .R^-modules 
to inf-R^-modules. On the other hand, since (•) is lax monoidal, it takes infi^^-modules 
to (infi? Ar ) 7V -modules, which are then regarded as .R^-modules, by restriction along the unit 
map 

r\ : R N — > (mf R N f. 
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Since the Lewis-May fixed points functor is a right Quillen functor on the underlying cat- 
egories of orthogonal spectra by [20j V.3.10], this is a Quillen adjunction on the module 
categories by [20j III. 7. 6 (i)]. 

Second, inclusion of subspectra gives a ring map 

tt*R n — > i*R, 

which corresponds to the counit 

9 : ir&R N — ► R. 

We therefore have by HI. 7. 6 (vi)] an associated Quillen adjunction for restriction and 
extension of scalars: 

6* : infR^-mod-G-spectra/W , ~*~ .R-mod-G-spectra/W : 9* . 

We summarize the discussion. 

Proposition 5.1. There is a Quillen adjunction 

: R-mod-G- spectra ~ R N -mod-G/N -spectra : R CSw^iv inf(-) , 

where ty N (M) = M N viewed as an R N -module. □ 

5.C. Towards Quillen equivalences. We would like to compare the category of module 
G-spectra over R to the category of module G/iV-spectra over R N . The Quillen adjunction 
will generally not be a Quillen equivalence, but using the Cellularization Principle 12.11 we 
will obtain some useful results. 

In somewhat simplified notation, consider the unit and counit of the derived adjunction 

r] : Y — y(R ® infRN mfY) N and e : R ® infRN (infX N ) — ► X. 

We see that rj is an equivalence for Y = R and that e is an equivalence for X = R, so that 
we always have an equivalence 

-R-cell-.R-mod-G-spectra ~ i^-cell-i^-mod-G/iV-spectra. 

If G is trivial, R generates the category of -R-modules, but if G is not trivial, R is not usually 
a generator of the category of equivariant .R-modules since we also need the modules of the 
form RAG/H + for proper subgroups H. Similar remarks apply to .R^-modules when G/N is 
non-trivial. If R does build every i?-module, we refer to the module category as monogenic. 
There are surprisingly many examples of monogenic equivariant module categories, and in 
practice the process of building the modules R A G/H + is of a simple form. 

Definition 5.2. (i) Two G-spectra X and Y are R- equivalent (X ~^ Y) if there is an 
equivalence i?AX~i?AFof -R-modules. 

(ii) A G-spectrum X is an R-retract of Y if R A X is a retract of R A Y as -R-modules. 

(iii) A collection C of G-spectra is closed under R-triangles if whenever there is a cofibre 
sequence RAX — > RAY — > R A Z of -R-modules then if two of X, Y and Z lie in C, so 
does the third. 

(iii) A class C of G-spectra is R-thick if it is closed under .R-equivalence, -R-retracts and 
completing .R-triangles. We say that X finitely R-builds Y (X \= R Y) if Y is in the .R-thick 
subcategory generated by X. 
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(iv) A class C of G-spectra is R-localizing if it is i?-thick and closed under arbitrary 
coproducts. We say that X R-builds Y (X Y) if Y is in the .R-localizing subcategory 
generated by X. 

(v) We say that the category of i?-modules is strongly monogenic if the i?-localizing sub- 
category generated by S° is the entire category of G-spectra. 

We note that to show the category of i?-modules is stongly monogenic, we need only show 
that G/H + is i?-built by S* for all subgroups H. The following immediate result explains 
the purpose of the definitions. 

Proposition 5.3. If R is strongly monogenic, then R-cellularization has no effect on R-mod-G -spectra, 
and we have a Quillen equivalence 

R-cell-R-mod-G - spectra ~ R-mod-G -spectra. 

Combining this with the fixed point R- module Quillen adjunction we obtain a statement 
we will use repeatedly. 

Corollary 5.4. If R is strongly monogenic we have 

R-mod-G -spectra ~ R N -cell-R N -mod-G / N -spectra, 
and if in addition R N is strongly monogenic (for example if N = G), then 

R-mod-G -spectra ~ R N -mod-G / N -spectra. 

5.D. Strongly monogenic examples. Perhaps the first important example of i?-equivalence 
is given by Thorn isomorphsims: if R is complex orientable then for any complex represen- 
tation V , we have R A S v ~ R A S^, and so S v ~# S^, where \V\ denotes the underlying 
vector space of V with trivial G-action. 

Lemma 5.5. If G is a torus and R is complex stable then the category of R-modules is 
strongly monogenic. 

Proof: It suffices to show S° i?-builds all spectra G/H+. 

The proof is built from one cofibre sequence for the circle group and the Thorn isomorphism 
for R. Suppose first that a : G — )■ U{\) is a non-trivial representation, and write G = 
G/K where K = ker(a) for the relevant circle quotient, noting that there is an equivariant 
homeomorphism S(a) = G. The important cofibre sequence is 

G + = S(a)+ — )• S° — )■ S a . 

The Thom isomorphism shows S a ~^ S 2 , and the cofibre sequence shows G + is in the 
i?-thick subcategory generated by S°. 

The subgroups occurring as kernels K as in the previous paragraph are precisely those of 
the form K = H x G where if is a rank r — 1 torus and G is a finite cyclic group. Finally 
we note that for an arbitrary subgroup L we have 

G/L = G/Ki x G/K 2 x • • • x G/K r 

for suitable Ki occurring as kernels. 

Using the above argument up to r times we see G/L + is in the i?-thick subcategory gen- 
erated by S°. □ 
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Lemma 5.6. If G is a 2-group and R has Thorn isomorphisms for all real representations 
then the category of R-modules is strongly monogenic. 

Proof: The proof is built from a cofibre sequence for the group of order 2 and the Thom 
isomorphism for R. Suppose first that £ : G — > 0(1) is a non-trivial representation. Write 
G = G/K where K = ker(£) for the quotient of order 2 and note that there is an equivariant 
homeomorphism S(£) = G. The important cofibre sequence is 

G + = S(0 + ^S ^ S« 

The Thom isomorphism shows ~r S 1 , and the first cofibre sequence shows G + is in the 
i?-thick subcategory generated by S°. This shows G + is in the i?-thick category generated 
by S°. This completes the proof if G is of order 2, since in that case we have G = G. 

For the general case we argue by induction on the order of subgroup K in G, that if 
we work i^-equivariantly, R\k is strongly monogenic. Now choose a proper subgroup L 
and consider i?-building G/L + . We pick a maximal subgroup K containing L, so that 
G/L + ~ G + Ak K/L+- By induction K/L + is fT-equivariantly i?-built from S* , and so 
G/L + is G- equivariant ly i?-built from G/K + . The first part of the proof showed that G/K + 
is G-equivariantly built from S* . □ 



Lemma 5.7. If G is a p-group, R is complex stable, and Nq(H) acts trivally on R^ for all 
subgroups H then the category of R-modules is strongly monogenic. 

Proof: The proof is built from two cofibre sequences for the group of order p and the Thom 
isomorphism for R. Suppose first that a : G — > U(l) is a non-trivial representation. Write 
G = G/K where K = ker(a) for the quotient of order p. The first important cofibre sequence 
is 

S(a)+ — )• S° — )■ S a , 
and the second is the stable cofibre sequence 

G + ^4G + ^ S(a) + , 

where g is a suitable generator of G. The Thom isomorphism shows S a ~r S 2 , and the first 
cofibre sequence shows S(a) + is in the i?-thick subcategory generated by S* . Now since G 
acts trivially on R^ , we obtain a short exact sequence 

— ► i?f — )■ Rf(S(a) + ) Si?f 0. 

Since the quotient is free over Rf, there is a splitting map Si? A G/K + — > R A S(a)+ of 
i?-modules, and 

R A S(a)+ ~ R A G + V Si? A G + 

This shows G + is in the i?-thick category. 

For the general case we argue by induction on the order of subgroup K in G, that if 
we work iT-equivariantly, R\k is strongly monogenic. Now choose a proper subgroup L 
and consider i?-building G/L+. We pick a maximal subgroup K containing L, so that 
G/L+ ~ G + Ak K/L+- By induction K/L+ is iT-equivariantly i?-built from S°, and so 
G/L + is G-equivariantly i?-built from G/K+. The first part of the proof showed that G/K + 
is G-equivariantly built from S* . □ 
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Remark 5.8. The action condition can be weakened somewhat, first since it is only necessary 
for elements of order p in Wg(K) to act trivially, and secondly we need only require 1 — g 
to act nilpotently. 

6. Eilenberg-MacLane spectra 

It is instructive to begin our consideration of special cases with ordinary cohomology, for 
which we need to recall some terminology. It is worth bearing in mind that for finite groups 
and rational coefficients this is the general case. 

6. A. Mackey functors. We recall that a G-Mackey functor is a contravariant additive 
functor M : SOq — > AbGp on the stable orbit category. For brevity, we write M(H) 
for the value on G/H + . When G is finite, this is equivalent to the classical definition of a 
collection of abelian groups M(H) related by restrictions and transfers satisfying the Mackey 
formula [I]. 

Evidently any G-equivariant cohomology theory F gives rise to a graded Mackey functor 
F_q whose value at H is Ffj. Equivalently the homotopy groups of F give a Mackey functor 
7rf(F) = whose value at H is ir^(F) = [G/H + , F] G . A cohomology theory whose 

value on all homogeneous spaces is concentrated in degree is called ordinary or Bredon. 
For any Mackey functor M, up to equivalence there is a unique cohomology theory with 
coefficient functor M, and we write HM for the representing G-spectrum. Thus 

H G (X; M) = HM* G (X) = [X, HM]* G . 

The category of G-Mackey functors has a symmetric monoidal product which can be swiftly 
defined by 

MON = it^(HM A HN), 

but this can be made categorically explicit using the Day coend construction [3]. 

A monoid in the category of Mackey functors is called a Green functor. If M is a Green 
functor HM is a ring spectrum, and if the Green functor is commutative, the ring spectrum 
can also be taken to be commutative. A prime example is the representable Mackey functor 
A T where T is a disjoint union of orbits, with A T (H) = [G/H + ,T + ] G . In particular the 
Burnside functor itself is the case when T is a point and has A = tt^(S°), so that A(H) is 
the Burnside ring A(H) of virtual ff-sets. 

6.B. Modules over an Eilenberg-MacLane spectrum. We are now ready to discuss 
R = HM., where M is a Green functor, and we take iV = G so we can concentrate on the new 
features. In this case the fixed point spectrum is also an Eilenberg-MacLane spectrum R G = 
(HM) G = H(M(G)). For any connective non-equivariant spectrum X we have 7r[f(infX) = 
7To(X) g) A, where A is the Burnside functor, and 

[miX,HMf = HM° G (miX) = Hom(vr (X), E(G)), 

so the structure map 

miR G = mfHR(G) — > HM = R 

is determined up to homotopy by being the scalar extension of the identity map in ir G . Thus 
we are considering the adjunction 

^ G : ifR-mod-G-spectra ' #R(G)-mod-spectra : HM ® H &(G) (•) 

12 



Note that if G is finite HM£(Y+) is concentrated in degree for any subgroup K and any 
finite K-set Y. Accordingly, iJIR-module maps between the generators G/H + A HM. of the 
category of if IR-modules are concentrated in degree and Morita theory shows that we have 
a purely algebraic description of the categories concerned. 

iiTR-mod-G-spectra ~ M-mod-G-Mackey. 

Thus we are considering 

ev G : M-mod-G-Mackey ' IR(G)-mod-Abgrps : R ® K(G) (■) . 

This is a Green ring analogue of one of the adjoints of evaluation |1Q| . and it would be 
interesting to give a more systematic account of the case N ^ G. 

Remark 6.1. An instructive non-example is to take the ring R = Q[G], so that R = 
Q[G/N}. The point here is that with the implied action of G on R by left translation the 
multiplication on R is not G-equivariant, and the unit map is not G-equivariant. 

The alternative to this is to consider the conjugation action on G, and then we obtain a 
genuine equivariant ring. Of course this applies equally to the group ring R = k[G c ] = kf\G c + 
for any commutative ring spectrum k. 

7. The sphere spectrum 

Perhaps the first naturally occurring example has R = S° and N = G. We first observe 
that by Segal-tom Dieck splitting we have 

B? = (S°f~\/BW G {H) L W, 

(H) 

where L (H) is the representation on the tangent space to the identity coset of G/H. This 
is rather a complicated spectrum, and utterly different from the sphere. 

7. A. The finite rational case. When G is finite, and we work rationally, the sphere is the 
Eilenberg-MacLane spectrum for the rational Burnside functor A: S° ~q HA, and this is 
a special case of Example I6.BI In particular R G (which is a product of rational spheres) is 
more naturally described as the Eilenberg-MacLane spectrum for the rationalization of the 
Burnside ring A(G) = tt g (5°) = n ((S°) G ). 

For S^-module G-spectra, the rational Burnside ring has another role. Using its idempo- 
tents, the rational equivariant sphere S°Q also splits into pieces enS°Q also corresponding 
to conjugacy classes of subgroups. Even in the rational case the Quillen adjunction is far 
from a Quillen equivalence. Indeed, we see that the factors corresponding to H on the two 
sides are usually inequivalent. Under the equivalence [IT] 

S°Q-module-G-spectra ~ JJ QW G (H)-mod, 

(H) 

the category of G-equivariant e^S^Q- modules is equivalent to the category of QWg(H)- 
modules. On the other hand, the category of non-equivariant S^Q-modules is equivalent to 
the category of Q- modules. If W G {H) is non-trivial, there is more than one simple QWg{H)- 
module, so the two factors are inequivalent for most subgroups. In short we are considering 
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an adjunction 

R ■ Urn) QW G (H)-mod ~ Him Q- m od : L 



Probably the simplest way to describe what happens is to pick out a single factor. The 
general theory applies by taking the special case R = enS°Q. From Example 16. Bl we see 
that the functor 

: e^S^Q-mod-G-spectra — > S°Q- mod-spectra 

on this factor is simply passage to fixed points on modules. In this case the Cellularization 
Principle gives the well known conclusion that the category of QM^-H^-modules with trivial 
action is the cellularization of the category of all modules with respect to Q. 

7.B. Another rational case. When G is the circle group, the ring nf(S°) has trivial 
multiplication, so most information is captured in non-zero homological degree. In any case, 
one does not get a Quillen equivalence either (by connectivity the counit is not an equivalence 
for a free cell G + ). To get a Quillen equivalence with a category of modules over a non- 
equivariant ring spectrum it is more effective to use a Koszul dual approach as in Example 
19.21 below, and as given in detail in [8j [12] . 

8. Models of categories of modules over iV 

A very satisfying class of examples is a generalization of the basic property of geometric 
fixed point spectra. This takes the results in Section H] into the context of modules over a 
ring spectrum. 

This situation needs a careful introduction because of a number of potential sources of 
confusion. To start we consider an arbitrary ring G-spectrum R and introduce the notation 

• C = -R-module-G-spectra 

Now we may consider two models of -R-module G-spectra over N, just as for the sphere in 
Section HI 

• Ci = L$n (i?-module-G-spectra) 

• C a = R[D iV]-G-cell- J R-module-G-spectra 

Now the G/iV-spectrum R = <3> iV R is the N- fixed points of the associative ring spectrum 
R' = R A S° [D N] , and hence it is an associative ring with a module category 

• C 3 =$ iV J R-module-G/A^-spectra 

If R admits the structure of a commutative ring, then the module category admits a sym- 
metric monoidal tensor product. Note also that there is a map R — > R' of associative 
ring spectra. If R is concentrated over N then this is a weak equivalence, and the module 
categories are Quillen equivalent. 

There are two ways we can manufacture this sort of context. First, we may start with a 
ring G/iV-spectrum R and then define R = infi? A S°[D N], noting that R ~ R' in this case 
(and that R need not be strictly commutative). Second, we can assume that R is a ring 
G-spectrum over N, and then we obtain a ring G/iV-spectrum R N ~ (R') N ~ Q N R which 
is strictly commutative if R is, and R ~ inf^^i? A 5' [^ N]. 
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Theorem 8.1. If R is a ring G-spectrum then the model categories Ci and C2 are Quillen 
equivalent. If R is concentrated over N then the Quillen adjunction of Proposition 15.11 is a 
Quillen equivalence 

Co = R-mod-G- spectra ~ R N -mod-G / N -spectra ~ C3 
and these are also Quillen equivalent to Ci and C2. 

Remark 8.2. (i) If X is an i?-module, then X is a retract of R A X, so that if i? lies over 
iV so too do its modules. 

(ii) If X lies over N then X N ~ $ N X. Accordingly R N ~ $ N R and Lewis-May fixed 
points may be replaced by geometric fixed points throughout. 

Proof: The proof of the first statement is the same as that of Proposition 14.41 The second 
statement is the adjunction in Proposition 15.11 Indicating the image of a subgroup in G/N 
by a bar, we need only remark that the extensions of the cells R A G/H + which generate 
the category of .R^-module G-spectra generate .R-module G-spectra. This is because the 
cells G/H + A R with H not containing N are contractible. 

Finally we need to show that the two pairs of Quillen equivalent models are themselves 
Quillen equivalent. However, since R is concentrated over N, R ~ R A S [D N] so that 
weak equivalences coincide with weak equivalences over N. This means that the S°[3 N]- 
Bousfield localization is a Quillen equivalence. □ 



9. Eilenberg- Moore examples 

An example of rather a different character is given by taking a G/iV-equivariant ring 
spectrum R and an iV-free G-space E and then taking R = F(E + ,mfR), so that R N = 
F(E/N+,R). 

We shall concentrate on N = G with E = EG. One case of special interest is R = Hk for 
a commutative ring k, but we also comment on R = S°. These are worth separate cases of 
their own. 

Example 9.1. Turning to the first example of the above type we take N = G and 

R = C*(EG; k) = F(EG +1 MHk) ~ F(EG +1 Hk) and R° = C*(BG; k) = F(BG + , Hk) 

where k is the Mackey functor constant at k. It is natural to refer to this as the Eilenberg- 
Moore example, and we usually do not display the coefficients k explicitly. 
Here we have 

^ G : G*(£G)-mod-G-spectra : G*( J BG)-mod-spectra : C*(EG) ® c *(bg) (•) • 

Because of existing machinery we won't use the methods of Subsection 15. D\ but instead 
discuss directly for which G-spaces X the unit of the adjunction is an equivalence for the 
G*(£G)-module C*(EG x X). Since C*(EG x X) ~ C*(EG) A D(X + ) when X is a finite 
complex, modules of the special form do give generators. Note that if Y is a free G-space 
(such as EG x X), we have C*(Y) G = C*(Y/G). 

Now if G is connected or if tiqG is a p-group and p N = on k then the convergence of the 
Eilenberg-Moore spectral sequence shows k ®c*{bg) C*(Y/G) ~ C*(Y) for any free G-space 
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Y. It follows that in these circumstances we have a Quillen-equivalence 

C*(-EG)-mod-G-spectra ~ C*(-BG)-mod-spectra. 

On the other hand we note that if G is finite and we take rational coefficients the left hand 
side is 

Q-mod-G-spectra ~ QG-mod, 

and the right hand side 

Q-mod-spectra ~ Q-mod. 

Certainly the category of QG-modules is not equivalent to the category of Q-modules unless 
G is trivial. 

Example 9.2. Turning to the second example of the above type we have R = DEG+ = 
F(EG + , S°) with N = G and R G = DBG+ = F(BG + , S°). Here we have 

\& G : Z}i?G + -mod-G-spectra * ~ Z^i?G + -mod-spectra : DEG + ®dbg+ (') • 

Again this is sometimes a Quillen equivalence and sometimes not. If we have rational coeffi- 
cients, then 5° — ► HQ is a non-equviariant equivalence, so we are back with Example 19.14 
where we know it is a Quillen equivalence if G is a torus, but not if G is a non-trivial finite 
group. 

Carlsson's theorem [2] implies [6j[9] that when X is a finite complex, D(EG + AX) ~ (DX)j 
where I is the augmentation ideal of the Burnside ring. In particular, if G is a p group and 
we take coefficients in the p-adic sphere we have 

R = F(EG + , (SX) * ((S°)W * (ST, 

since some power of I lies in the ideal (p). Accordingly this puts us back in the situation of 
Section [71 

Note that since rationalization passes through tensor products, we have 

(R ® r g M) g) Q ~ (RQ) ® m)G MQ. 

From our analysis of the rational case in Section [6] we see that we do not obtain a Quillen 
equivalence when R = F(EG + , (S )!}). 

10. The ring spectrum DEJ z + 

In this section we work rationally, and consider the special case when G is a torus. 

One example of importance in the study of rational spectra is the counterpart of the 
Eilenberg-Moore example for almost free spaces (i.e., spaces whose isotropy groups are all 
finite). Thus we let T denote the family of finite subgroups of G, and we recall the splitting 
theorem from [7J: 

EF + ^l[E(F), 

where the product is over conjugacy classes of finite subgroups F. 
Taking rational duals, we find 

R = DEF+ ~Y[DE(F) and R G = D(EF+f ~ JJ D(BW G (F) + ). 
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Accordingly, this is really a question of assembling the information from the different finite 
subgroups. Since G is abelian we have E(H) = EG/H + AS°[3 H], so the difference between 
EG/H+ and E{H) is easy to describe. When H is also finite and coefficients are rational, 
this simplifies further. 

Lemma 10.1. With R = DEF + , provided G is a torus and we use rational coefficients, the 
spheres of complex representations are R-built from S° . 

Proof: We shall show that for any complex representation V the suspension S v A DEF + is 
a finite wedge of retracts of integer suspensions of DET + . 

Since S v A DEF+ ~ D(S~ V A EF + ), it suffices to deal with the undualized form. 

Now suppose given a complex representation V. Since we are working over the rationals, 
the classical Thorn isomorphism gives an equivalence 

S v A E(F) ~ S lvFl AE(F) 

for each finite subgroup F. 

Finally, we divide the finite subgroups into sets according to dim.c(V F ). Of course there 
are only finitely many of these, and we may apply the corresponding orthogonal idempotents 
to consider the sets separately. For the class of F with dimc(V rF ) = k we have 

Y[(D(E(F) A S v A Xf) ~ £~ fc Y[(D(E(F) A Xf), 

F F 

so both sides of the equation are simply desuspended by k. □ 



Lemma 10.2. With R = DEF + , G a torus and rational coefficients we have an equivalence 
D EF+-mod-G -spectra ~ Y\ F C*(BG / 1 F) -mod- spectra. □ 

Remark 10.3. We note that we can apply idempotents to take the factor with F = 1 and 
recover the Eilenberg-Moore example. Note that for any X we have [D(EG + A X)] G ~ 
D(EG + Aq X) and we need to verify 

DEG + ® DBG+ D(EG + A G X) ^ D(EG + A X) 

for the based finite complex X. This is just the based counterpart of the Eilenberg-Moore 
spectral sequence for the fibration 

Y — > EG x G Y — > EG x G * = BG, 

for the unbased space Y, which converges since G is connected. 
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